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This paper describes an investigation into elastic buckling of an embedded multi-walled carbon nanotube under com-
bined torsion and axial loading, which takes account of the radial constraint from the surrounding elastic medium and van
der Waals force between two adjacent tube walls. Depending on the ratio of radius to thickness, the multi-walled carbon
nanotubes discussed here are classiﬁed as thin, thick, and nearly solid. Critical buckling load with the corresponding mode
is obtained for multi-walled carbon nanotubes under combined torsion and axial loading, with various values of the radius
to thickness ratio and surrounded with diﬀerent elastic media. The study indicates that the buckling mode (m,n) of an
embedded multi-walled carbon nanotube under combined torsion and axial loading is unique and it is diﬀerent from that
with axial compression only. New features for the buckling of an embedded multi-walled carbon nanotube under com-
bined torsion and axial loading and the meaningful numerical results are useful in the design of nanodrive device, nano-
torsional oscillator and rotational actuators, where multi-walled carbon nanotubes act as basic elements.
 2006 Elsevier Ltd. All rights reserved.
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Carbon nanotubes discovered by Iijima (1991) have attracted worldwide attention in the ﬁelds of chemistry,
physics, engineering, materials science, and reinforced composite structures. With unique properties they can
be used as strong, light and high toughness ﬁbers for nanocomposites, parts of nanodevices, hydrogen storage,
(high frequency) micromechanical oscillators (Avouris et al., 1999; Dresselhaus et al., 2001; Yang, 2002). Lau
and Hui (2002) summarised developments on nanotubes and their applications in nanocomposites, with much
attention to mechanical properties such as tensile strength of an individual nanotube or a bundle of nanotube-
rope. Buckling properties due to shrinkage of matrices after curing and the bending stiﬀness of nanotube-0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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attention has been turned to mechanical behavior of a single- or multi-walled carbon nanotube embedded
in a polymer or metal matrix (Salvetat et al., 1999; Bower et al., 1999; Zhang and Wang, 2005).
Because a carbon nanotube’s electronic and transport properties can be extremely sensitive to even very
small distortion of their otherwise perfectly cylindrical geometry, experimental and numerical investigations
into its deformation due to compression, bending and torsion have been numerous (Yakobson et al., 1996;
Falvo et al., 1997; Zhang et al., 1998; Nardelli et al., 1998). Experiments (Williams et al., 2002; Fennimore
et al., 2003) have suggested that multi-walled carbon nanotubes (MWNTs) can be used as basic elements
for nanodrive systems, nanooscillators and nanoactuators—all are often subjected to torsion. They can also
be used as a spring element in torsional paddle oscillators (Carr et al., 2000; Williams et al., 2002) or a rota-
tional bearing in nanoelectric motors (Kolmogorov and Crespi, 2000). These applications have motivated
many investigations into the deformation and strength of MWNTs under torsion before they become unstable
(Yakobson et al., 1996; Nardelli et al., 1998; Ertekin and Chrzan, 2005). Carr et al. (2000) reported that micro-
mechanical torsional oscillators are very powerful tools in physical sciences, and they can be used to detect
very small strains, because the lever arm of torsional motion increases the detection sensitivity. Williams
et al. (2002) showed that a single-paddle torsional oscillator with MWNTs as a spring element embedded
in substrate may be subjected to combined torsion and axial loading as shown in Fig. 1a. However, most
of the previous works on buckling behavior of a single- or multi-walled carbon nanotube have been for the
carbon nanotube under a single-loading form, namely, axial compression, bending and torsion (Yakobson
et al., 1996; Ru, 2001a; Han and Lu, 2003; Han et al., 2005; Wang and Yang, 2005). Studies of buckling
of an embedded multi-walled carbon nanotube under combined torsion and axial loading have not been
reported in the literature.
Main approaches to understanding the mechanical behavior of nanostructures are (1) experimental
mechanics at a nanometer level (Li and Bhushan, 2002; Li et al., 2003, 2004), (2) molecular dynamics
(MD) simulations (Yakobson et al., 1996; Belytschko et al., 2002) and (3) continuum mechanics model
(Ru, 2000; Wang et al., 2004a,b; Wang and Yang, 2005). Yakobson et al. (1996) introduced an atomistic
model for the axially compressed buckling of a single-walled nanotube. They compared this model with a sim-
ple continuum shell model and found that all the buckling patterns displayed by the molecular-dynamics sim-
ulations could be predicted by the continuum shell model. Subsequently, continuum models have been used in
buckling analysis of nanotubes by a number of researchers (e.g., Kitipornchai et al., 2005; Han et al., 2005;
Han and Lu, 2003). Wang et al. (2003a,b) studied the axial compressive buckling of an individual MWNT,
subjected to both axial loading and radial external pressure. They adopted a laminated shell model previously
proposed (Ru, 2000, 2001b) and found that the critical external pressure predicted by using the continuum
mechanics model is in reasonable agreement with the experiment conducted by Tang et al. (2001); this furtherFig. 1a. Scanning electron micrograph of a nanofabricated paddle oscillator with MWNTs as spring elements embedded in a substrate. P
is a paddle and C is the oscillators with embedded MWNTs.
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walled carbon nanotube. It may be mentioned, in passing, that buckle propagation in pipe-in-pipe systems
has been investigated experimentally and analytically and interesting results have been obtained (Kyriakides,
2002; Kyriakides and Vogler, 2002).
The present work reports an analytical investigation into the buckling of an embedded multi-walled carbon
nanotube under combined torsion and axial loading, using a multiple shell model considering. Eﬀects of radial
constraint from the surrounding elastic medium and the van der Waals interaction force between two adjacent
tube walls are considered. Based on the value of the ratio of radius to thickness, the multi-walled carbon nano-
tubes under discussion are classiﬁed into three cases: thin, thick, and nearly solid. Correspondingly, the critical
buckling stress and mode is obtained. Numerical results indicate that the buckling mode (m,n) and the asso-
ciated critical shear stress of the nanotubes is unique and it is diﬀerent from that for axial compression alone.
The values of this critical shear stress are dependent on the direction of axial loading (tension or compression)
and the dimensions of MWNTs. However, the buckling modes of MWNTs are governed only by the dimen-
sions of MWNTs. Also, the eﬀect of radial constraint from the surrounding elastic medium is evident and its
signiﬁcance is dependent on the dimensions of MWNTs.
2. Multiple shells model
2.1. van der Waals interaction
MWNTs can be taken as a set of concentric cylindrical shells with van der Waals interaction between two
adjacent layers (Ru, 2000, 2001b), as shown in Fig. 1b. Let pk(k+1) denotes the van der Waals interaction pres-
sure (force per unit area) exerted on the kth wall by the k + 1th and similarly p(k+1)k the pressure on the
k + 1th wall by the kth, we havepðkþ1Þk ¼ 
Rk
Rkþ1
pkðkþ1Þ; k ¼ 1; 2; . . . ;N  1 ð1Þwhere Rk is the radius of the kth wall. All the layers of MWNTs are assumed to have the same Young’s mod-
ulus E and Poisson’s ratio l. The van der Waals interaction potential, as a function of the interlayer spacing
between two adjacent tubes, can be estimated by the Lennard-Jones model (Girifalco and Lad, 1956;
Girifalco, 1991). Since the innermost radius of MWNTs is usually much larger than 0.5 nm (Iijima et al.,
1996), the interlayer interaction potential between two adjacent walls can be simply approximated by the
potential obtained for two ﬂat graphite monolayers, denoted by g(d), where d is the interlayer spacing
(Robertson et al., 1992). This model has been previous shown to provide good agreement with experimental
results carried out by Lu (1997). For the present inﬁnitesimal buckling analysis, the van der Waals pressure atInner tube
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Fig. 1b. A multi-walled carbon nanotube embedded in an inﬁnite medium, under combined torque Tk and axial load N
0
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at that point, so we havepV ¼
dgðdÞ
dd
 
d¼t
þ cðDwÞ ð2aÞwherec ¼ d
2g
dd2

d¼t
ð2bÞIn the above formula, t is the initial interlayer spacing prior to buckling, which is equal or very close to the
representative thickness of SWNT, (Dw) is the deﬂection increment due to buckling, and c is van der Waals
interaction coeﬃcient. Because the initial interlayer spacing is very close to that at equilibrium at which
dg(d)/dd = 0, as described by Girifalco and Lad (1956) and Girifalco (1991), the ﬁrst term of Eq. (2a) is neg-
ligible, reﬂecting the fact that all initial interlayer pressures vanish. Saito et al. (2001) gave a van der Waals
interaction coeﬃcient asc ¼ 320 erg=cm
2
0:16d2
ðd ¼ 1:42 108 cmÞ ð3ÞBecause the present analysis is limited to inﬁnitesimal buckling, the interaction coeﬃcient c is calculated at the
initial interlayer spacing (about 0.34 nm). The curvature-dependency of the interaction coeﬃcient c is ne-
glected here because it is very small when the innermost radii are much larger than 0.6 nm (Robertson
et al., 1992; Gulseren et al., 2002). Thus, the van der Waals forces between two adjacent layers due to buckling
are expressed aspkðkþ1Þ ¼ c½wkþ1  wk; ðk ¼ 1; 2; . . . ;N  1Þ ð4ÞDenote pk the net pressure exerted on the kth wall, from Eqs. (1) and (4) we havep1 ¼ p12 ¼ c½w2  w1
p2 ¼ p23 þ p21 ¼ c w3  w2 
R1
R2
ðw2  w1Þ
 
. . .
pN1 ¼ pðN1ÞN þ pðN1ÞðN2Þ ¼ c wN  wN1 
RN2
RN1
ðwN1  wN2Þ
 
pN ¼ pMN þ pNðN1Þ ¼ pMN  c
RN1
RN
½wN  wN1
ð5Þwhere pMN represents an initial interaction pressure between the outermost layer of the multi-walled carbon
nanotube and its surrounding elastic medium, and it is given bypMN ¼ dwn ð6Þ
Here d is a spring constant governed by the properties of the surrounding elastic medium and the outermost
radius RN of the embedded MWNT (see the following section for details). wn is the normal displacement of the
outermost tube wall.
2.2. Determination of a spring constant, d
As mentioned earlier, Carr et al. (2000) and Williams et al. (2002) showed that MWNTs can be used as a
spring element in a single-paddle torsional oscillator, which is often embedded in a substrate as shown in
Fig. 1a. Based on their reports, the eﬀect of surrounding medium on MWNTs can be considered as a radial
340 X. Wang et al. / International Journal of Solids and Structures 44 (2007) 336–351spring constraint. Therefore, theWhitney-Riley model may be used to determine the spring constant d in Eq. (6)
(Vlasov and Leont’ev, 1966; Bulson, 1985). In the present model, the initial pressure, p, between the outermost
tube wall and the surrounding elastic medium prior to buckling is assumed uniform. Here, the surrounding elas-
tic medium is taken as a hollow cylinder with inner radius a and outer radius b. The radial displacement of the
hollow cylinder under the initial uniform pressure can be expressed as (Timoshenko and Goodier, 1970)ur ¼ ðB1r þ B2r1Þp ð7aÞ
whereB1 ¼ ð1þ lMÞð1 2lMÞEM
1
b2=R2N  1
; B2 ¼ 1þ lMEM
b2
b2=R2N  1
ð7bÞEM and lM are Young’s module and Poisson’s ratio, respectively.
For a multi-walled carbon nanotube embedded in an inﬁnite elastic medium, we have b!1, so Eq. (7b) is
simpliﬁed toB1 ¼ 0; B2 ¼ 1þ lMEM R
2
N ð8ÞAssume the spring constant d does not change with the curvature of buckled wall. Substituting Eq. (8) into Eq.
(7a) gives the spring constant in the Whitney-Riley model asd ¼ pMN ður¼RN ¼ 1Þ ¼
Em
ð1þ lmÞRN
ð9Þ2.3. Governing equations
Consider an elastic cylindrical shell with radius R, thickness h, Young’s modulus E and Poisson’s ratio l.
Assume ðe0x ; e0y ; e0xyÞ and ðN 0x ;N 0y ;N 0xyÞ are, respectively, membrane strains and membrane forces prior to buck-
ling, due to combined axial load, radial pressure and torque; where x and y represent the axial and circum-
ferential coordinates of the shell, respectively. Thus, the total membrane strains during buckling are given asex ¼ e0x þ
ou
ox
; ey ¼ e0y þ
ov
oy
 w
R
; exy ¼ e0xy þ
1
2
ou
oy
þ ov
ox
 
ð10Þwhere u(x,y),v(x,y) and w(x,y) denote the additional displacement of the middle surface along x,y and inward
normal directions, respectively. The corresponding membrane forces are expressed asNx ¼ Eh
1 l2 ðex þ leyÞ; Ny ¼
Eh
1 l2 ðey þ lexÞ; Nxy ¼
Eh
1 l2 ð1 lÞexy ð11ÞIn the present model, friction between layers of the multi-walled carbon nanotube is negligible (Charlier and
Michenaud, 1993). The equilibrium equations are satisﬁed with a stress function u(x,y) deﬁned byNx  N 0x ¼
o2u
oy2
; Ny  N 0y ¼
o2u
ox2
; Nxy  N 0xy ¼ 
o2u
oxoy
ð12Þwhere u(x,y) must meet the compatibility condition:r4u ¼ Eh
R
o2w
ox2
; r2 ¼ o
2
ox2
þ o
2
oy2
 
ð13ÞOn the other hand, the governing equation of a cylindrical shell can be given in terms of w(x,y) and u(x,y) as
followsDr4w ¼ pðx; yÞ þ N 0x
o2w
ox2
þ N 0y
o2w
oy2
þ 2N 0xy
o2w
oxoy
þ 1
R
o2u
ox2
ð14Þwhere p(x,y) is the total inward normal pressure and D is the eﬀective bending stiﬀness of the shell.
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for the additional displacement, w(x,y), due to combined torque, axial load and radial pressure, which is
expressed asDr8w ¼ r4pðx; yÞ þ N 0x
o2
ox2
r4wþ N 0y
o2
oy2
r4wþ 2N 0xy
o2
oxoy
r4w Eh
R2
o4w
ox4
ð15ÞApplying Eqs. (5) and (15) to each layer of all the concentric tube walls one has N coupled equations as
follows:D1r8w1 ¼ cr4½w2  w1 þ N 0x1
o2
ox2
r4w1 þ N 0y1
o2
oy2
r4w1 þ 2N 0xy1
o2
oxoy
r4w1  Eh1
R21
o4w1
ox4
D2r8w2 ¼ cr4 w3  w2  R1R2 ðw2  w1Þ
 
þ N 0x2
o2
ox2
r4w2 þ N 0y2
o2
oy2
r4w2 þ 2N 0xy2
o2
oxoy
r4w2  Eh2
R22
o4w2
ox4
  
DN1r8wN1 ¼ cr4 wN  wN1  RN2RN1 ðwN1  wN2Þ
 
þ NxN1 o
2
ox2
r4wN1
þ N 0yN1
o2
oy2
r4wN1 þ 2N 0xyN1
o2
oxoy
r4wN1  EhN1
R2N1
o4wN1
ox4
DNr8wN ¼ r4 p þ dwN þ c RN1RN ðwN  wN1Þ
 
þ N 0xN
o2
ox2
r4wN
þ N 0yN
o2
oy2
r4wN þ 2N 0xyN
o2
oxoy
r4wN  EhN
R2N
o4wN
ox4
ð16Þwhere k stands for the kth tube wall from the innermost, wk (x,y)(k = 1,2, . . . ,N) is the inward deﬂection, hk
and Dk are the eﬀective thickness and eﬀective bending stiﬀness, N
0
xk;N
0
yk and N
0
xyk ðk ¼ 1; 2; . . . ;NÞ are, respec-
tively, axial, circumferential and shear membrane forces exerted on the kth tube wall prior to combined
buckling.3. Buckling analysis
3.1. Torque and axial force
According to the characterization of torsional paddle oscillators with MWNTs as spring elements embed-
ded in a substrate (Carr et al., 2000; Williams et al., 2002) and similar to the treatment in analysing torsional
buckling of a double-walled carbon nanotube embedded in an elastic medium (Han and Lu, 2003), the torque
is applied onto the two ends of a MWNT embedded in an elastic medium and the following can be written:T ¼ T 1 þ T 2 þ    þ T N ð17Þ
where Tk (k = 1,2, . . . ,N) is the torque exerted on the kth layer and T the total torque. Assuming that the
membrane shear forces are identical for all the layers, we haveN 0xy1 ¼ N 0xy2 ¼    ¼ N 0xyN ¼ N 0xy ¼
T 1
2pR21
¼ T 2
2pR22
. . . ¼ T N
2pR2N
ð18ÞFrom Eq. (13), the torque exerted on the kth layer isT k ¼ 2pR2kN 0xy ; k ¼ 1; 2; . . .N ð19Þ
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the membrane shear force on each layer of the MWNT is regarded as the major contributing factor. Note that
prior to and during buckling, each cross-section remains plane and undistorted.
3.2. Distribution of net pressure prior to buckling
In a pre-buckling analysis, constraints for the ends of a cylindrical shell are usually neglected (Timoshenko
and Gere, 1961). Thus, the normal equilibrium equations for each layer are then given byN 0yk ¼ pkRk; ðk ¼ 1; 2; . . . ;NÞ ð21aÞThe corresponding circumferential stress and strain for each layer are, respectively, given asryk ¼
N 0yk
hk
¼ pkRk
hk
; ðk ¼ 1; 2; . . . ;NÞ ð21bÞ
eyk ¼ DRkRk ¼
ryk
E
; ðk ¼ 1; 2; . . . ;NÞ ð21cÞwhere DRk is the inward deﬂection of the kth tube wall prior to buckling, or the diﬀerence between the initial
radius Rk and that of the deformed kth tube wall prior to buckling. Thus, substituting Eq. (21b) into Eq. (21c)
yieldsDRk
Rk
¼ 1
E
pkRk
hk
; ðk ¼ 1; 2; . . . ;NÞ ð22ÞThe corresponding net pressure prior to buckling is expressed asp1 ¼ cðDR2  DR1Þ
. . .
pk ¼ c ðDRkþ1  DRkÞ 
Rk1
Rk
ðDRk  DRk1Þ
 
. . .
pN ¼ dwn  c
RN1
RN
ðDRN  DRN1Þ
ð23ÞSubstituting Eq. (23) into Eq. (22) gives DRk (k = 1,2, . . . ,N). Once these values of DRk (k = 1,2, . . . ,N) are
determined, the net pressure distribution can be obtained from Eq. (23).
3.3. Buckling mode under combined torsion and axial load
Consider that the MWNT embedded in an elastic medium is so long that the constraints at both ends have
no considerable eﬀect on the magnitude of the critical internal force and therefore their eﬀect can be neglected.
The buckling deﬂection function of the kth layer of the multi-walled carbon nanotube can be taken as
(Timoshenko and Gere, 1961)wk ¼ fk sin mpL x
ny
Rk
 
; k ¼ 1; 2; . . . ;N ð24Þwhere L is the length of the concentric tube walls, f1, f2, . . . , fk are real constants, Rk (k = 1,2, . . . ,N) is the
radius of the kth layer, m and n are two positive integers (m is the axial half wave number and n is the circum-
ferential one).
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for w1,w2, . . . ,wk:M11w1 þM12w2 ¼ 0
M21w1 þM22w2 þM23w3 ¼ 0
:::
M ðN1ÞðN2ÞwN2 þM ðN1ÞðN1ÞwN1 þM ðN1ÞNwN ¼ 0
MNðN1ÞwN1 þMNNwN ¼ 0
ð25ÞwhereM11 ¼ D m
2p2
L2
þ n
2
R21
 4
þ cþ N 0xy c
m2p2
L2
 2mnp
LR1
 
þ p1
n2
R1
 
m2p2
L2
þ n
2
R21
 2
þ Eh
R21
m4p4
L4
M12 ¼ c m
2p2
L2
þ n
2
R22
 2
; M21 ¼ c R1R2
m2p2
L2
þ n
2
R21
 2
M22 ¼ D m
2p2
L2
þ n
2
R22
 4
þ c 1þ R1
R2
 
þ N 0xy c
m2p2
L2
 2mnp
LR2
 
þ p2
n2
R2
 
m2p2
L2
þ n
2
R22
 2
þ Eh
R22
m4p4
L4
M23 ¼ c m
2p2
L2
þ n
2
R23
 2
  
M ðN1ÞðN2Þ ¼ c RN2RN1
m2p2
L2
þ n
2
R2N2
 2
M ðN1ÞðN1Þ ¼ D m
2p2
L2
þ n
2
R2N1
 4
þ c 1þ RN2
RN1
 
þ N 0xyðc
m2p2
L2
 2 mnp
LRN1
Þ þ pN1
n2
RN1
 
 m
2p2
L2
þ n
2
R2N1
 2
þ Eh
R2N1
m4p4
L4
M ðN1ÞN ¼ c m
2p2
L2
þ n
2
R2N
 2
; MNðN1Þ ¼ c RN1RN
m2p2
L2
þ n
2
R2N1
 2
MNN ¼ D m
2p2
L2
þ n
2
R2N
 4
þ c RN1
RN
þ d
 
þ N 0xy c
m2p2
L2
 2mnp
LRN
 
þ pN
n2
RN
 
m2p2
L2
þ n
2
R2N
 2
þ Eh
R2N
m4p4
L4
ð26ÞEq. (25) can be re-written in matrix form asMNN ðm; nÞ
w1
w2
..
.
wN
2
66664
3
77775 ¼ 0 ð27ÞThus, because of a non-zero solution of in Eq. (27), we letdetM ¼ 0 ð28Þ
Eq. (28) determines the critical shear membrane force N 0xyðm; nÞ with a given axial force N 0x speciﬁed by the
ratio c. Thus, the critical torque exerted on the MWNT, T(m,n), is easily obtained from Eqs. (17) and (18),
and hence the corresponding shear stress sxyðm; nÞ ¼ N 0xyðm; nÞ=h.
344 X. Wang et al. / International Journal of Solids and Structures 44 (2007) 336–3514. Numerical examples and discussion
In the following numerical examples, it is taken that the eﬀective bending stiﬀness D1 =  = Dk =
D = 0.85 eV, the eﬀective in-plane stretching stiﬀness Eh1 =  = Ehk = Eh = 360 J/m2, the eﬀective thickness
h1 =  = hk = h = 0.34 nm, Poisson’s ratio l = 0.3, and L = 12RN (RN the outmost radius) for the MWNT
(Wang et al., 2003a), and EM = 2.03 GPa, lM = 0.33 for polymer medium (Zhang and Wang, 2005). Based
on the value of radius-to-thickness ratio, all the MWNTs are broadly classiﬁed into three groups: (a) thin
MWNTs, (b) thick MWNTs and (c) nearly solid MWNTs, .as shown in Tables 1 and 2. Relationship between
the shear stress and the buckling mode (m,n) is shown in Figs. 2–6 for ﬁve numerical examples of MWNTs
embedded in an inﬁnite medium. A signiﬁcant result is that for all the three groups of MWNTs, the buckling
modes corresponding to the minimum critical shear stress for embedded MWNTs under combined torsion and
axial loading are clearly diﬀerent from that for buckling under axial compression alone (Wang et al., 2003a).
In the present case, there exists a unique buckling mode (deﬁned by the values of m and n) corresponding to
the minimum critical shear stress.
From Figs. 2a–6a, it can be seen that the critical shear stress with the corresponding buckling mode (m,n)
for these ﬁve examples when the axial force is tensile is 0.986 GPa (m = 8, n = 9); 0.506 GPa (m = 14, n = 8);
1.87 GPa (m = 3, n = 6), 0.805 GPa (m = 5, n = 7) and 6.905 GPa (m = 11, n = 8), respectively. Figs. 2b–6b
show that, when the axial force is compressive, the critical shear stresses with the corresponding buckling
modes is 0.887 GPa (m = 8, n = 9), 0.455 GPa (m = 14, n = 3), 1.683 GPa (m = 3, n = 6), 0.725 GPa
(m = 5, n = 7) and 6.215 GPa (m = 11, n = 8), respectively.
Numerical results presented in Figs. 2–6 show that the value of the critical shear stress of MWNTs under
combined torque and axial loading is dependent on the axial loading direction (tension or compression) as well
as the dimensions/properties of the MWNTs, while the buckling mode is governed by the latter. Changing the
direction of axial load from compression to tension leads to an increase in the critical stress. In other words,
axial tension can make the MWNTs embedded in an elastic medium resist higher torsional load. As expected,
the maximum critical shear stress occurs in a nearly solid MWNT (Fig. 5a, Example 5), while the minimum
critical shear stress takes place in a thin one. (Fig. 3b, Example 2).
Table 2 lists the values of critical shear stress of an individual MWNT (d = 0) under combined torsion and
axial loading and those for a MWNT embedded in an elastic medium (d5 0) under the same loading. From
Table 2 the eﬀect of radial constraint from the surrounding elastic medium on the buckling of MWNTs isTable 1
Dimensions of ﬁve examples for three types of MWNTs
Types Thin MWNTs (1,2) Thick MWNTs (3) Nearly solids MWNTs
Examples 1 2 3 4 5
R1 (nm) 8.5 18 2.7 6.5 0.65
R1/Nh 5.00 6.62 0.99 1.20 0.24
L (nm) 118.32 244.56 60.96 139.20 36.36
N 5 8 8 16 8
R1,N and L are the innermost radius, the length and the layer number of MWNTs, respectively; the eﬀective thickness of SWNTs
h = 0.34 nm.
Table 2
Values of the critical shear stress of an individual MWNT under combined torsion and axial loading and for one embedded in an inﬁnite
medium
Example 1 2 3 4 5
c 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02
Critical shear stress (GPa)
No medium 0.333 0.272 0.1 0.084 0.923 0.754 0.295 0.240 5.608 4.140
Inﬁnite medium 0.986 0.887 0.506 0.455 1.87 1.683 0.805 0.725 6.905 6.215
Enhancement factor 2.96 3.26 5.06 5.42 2.03 1.82 2.73 3.02 1.23 1.50
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Fig. 2. Critical shear stress against the axial half wave number m, Example 1; (a) combined torque and axial tension N 0x ¼ 0:02N 0xy ;
(b) combined torque and axial compression loading N 0x ¼ 0:02N 0xy .
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enhancement is more signiﬁcant for a thin MWNT than a thick one.
5. Comparison with an early result
Investigations so far into the characteristics of a carbon nanotube under torsional loading by means of
experiments or MD simulation have been mainly on the torsional strength and stiﬀness of carbon nanotubes
without surrounding media (Arroyo and Belytschko, 2003; Williams et al., 2002; Yakobson et al., 1996; Nard-
elli et al., 1998; Wang et al., 2004a,b; Shibutani and Ogata, 2004; Ertekin and Chrzan, 2005). Here a simple
comparison is made between the present results and those for torsional buckling of double-walled carbon
nanotubes (Han and Lu, 2003); the latter is a special case of this analysis.
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Fig. 3. Critical shear stress against the axial half wave number m, Example 2; (a) combined torque and axial tension N 0x ¼ 0:02N 0xy ;
(b) combined torque and axial compression loading N 0x ¼ 0:02N 0xy .
346 X. Wang et al. / International Journal of Solids and Structures 44 (2007) 336–351When the number of layers N is taken as 2 and the axial loading N 0x in Eq. (27) is zero, the corresponding
critical membrane shear force N 0xyðm; nÞ of a double-walled carbon nanotube under pure torque can be explic-
itly expressed asN 0xy ¼
Dðk2 þ n2Þ2
2knR2
þ ð1 l
2ÞKk3
2ðk2 þ n2Þ2nþ
R2
2kn
cþ d
2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2 þ d
2
 N 0y2
n
R
 	2 s" #
ð29Þwhere k = mpR/L,K = Eh/(1  l2) and R1 ﬃ R2 = R (neglecting the diﬀerence between the inner and
outer radii of a double-walled carbon nanotube). The above equation is identical to Eq. (38) in Han and
Lu (2003).
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Fig. 4. Critical shear stress against the axial half wave number m, Example 3; (a) combined torque and axial tension N 0x ¼ 0:02N 0xy ;
(b) combined torque and axial compression loading N 0x ¼ 0:02N 0xy .
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In this study buckling of a MWNT embedded in an elastic medium and under combined torsion and axial
loading has been analysed. A multiple shell model with van der Waals force between two adjacent tube walls
has been employed, based on the Lennard-Jones model. Numerical results for the relationship between the
critical shear stress and the corresponding buckling mode (m,n) have been plotted. Main points are summa-
rized as follows:
(1) The buckling mode (m,n) corresponding to the critical shear stress of an embedded MWNT under com-
bined torsion and axial loading is unique for all the ﬁve MWNTs considered with diﬀerent values of the
radius-to-thickness ratio. This is diﬀerent, from the case of these nanotubes under axial compression alone.
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Fig. 5. Critical shear stress against the axial half wave number m, Example 4; (a) combined torque and axial tension N 0x ¼ 0:02N 0xy ;
(b) combined torque and axial compression loading N 0x ¼ 0:02N 0xy .
348 X. Wang et al. / International Journal of Solids and Structures 44 (2007) 336–351(2) The value of the critical shear stresses of such an embedded MWNT are dependent on the direction of
axial load and the MWNTs; but the corresponding buckling mode (m,n) is only dependent on the latter.
The value of the critical shear stress for the axial tension case is higher than that for compression. Hence
axial tension can lead to resistance to a larger torque.
(3) The radial constraint eﬀect from the surrounding elastic medium on the buckling of MWNTs is evident.
This constraint leads to an increase in the critical shear stress and enhances the ability of resisting com-
bined torsion and axial loading The extent is dependent on the value of the radius to thickness ratio of
the MWNTs.
(4) Because the electronic and transport properties of carbon nanotubes could be extremely sensitive to even
very small distortion of their cylindrical geometry, the new features revealed in this study of buckling of
embedded MWNTs under combined torsion and axial loading, as well as the numerical results are useful
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Fig. 6. Critical shear stress against the axial half wave number m, Example 5; (a) combined torque and axial tension N 0x ¼ 0:02N 0xy ;
(b) combined torque and axial compression loading N 0x ¼ 0:02N 0xy .
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